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Toeplitz operators with pluriharmonic symbol
Jo¨rg Eschmeier and Sebastian Langendo¨rfer
Let m ≥ 1 be an integer and let Hm(B) be the analytic functional
Hilbert space on the unit ball B ⊂ Cn given by the reproducing ker-
nel Km(z, w) = (1 − 〈z, w〉)
−m. We prove that Toeplitz operators with
pluriharmonic symbol on Hm(B) can be characterized by an algebraic
identity which extends the classical Brown-Halmos characterization of
Toeplitz operators on the Hardy space of the unit disc as well as cor-
responding results of Louhichi and Olofsson for Toeplitz operators with
harmonic symbol on weighted Bergman spaces of the disc.
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§1 Introduction
A result of Brown and Halmos [2] from 1963 shows that an operator T ∈
L(H2(T)) on the Hardy space of the unit disc is a Toeplitz operator Tf =
PH2(T)Mf |H2(T) with L
∞-symbol f ∈ L∞(T) if and only if the operator T
satisfies the algebraic identity M∗z TMz = T . In 2008 Louhichi and Olofsson
[7] proved that an operator T ∈ L(Am(D)) on the standard weighted Bergman
space
Am(D) = {f ∈ O(D); ‖f‖
2 =
m− 1
π
∫
D
|f(z)|2(1− |z|2)m−2dz <∞}
is a Toeplitz operator with harmonic symbol f on D if and only if T satisfies
the algebraic identity
M ′∗z TM
′
z =
m−1∑
k=0
(−1)k
(
m
k + 1
)
Mkz TM
∗k
z .
HereM ′z = Mz(M
∗
zMz)
−1 ∈ L(Am(D)) is the Cauchy dual of the multiplication
operator Mz : Am(D)→ Am(D), g 7→ zg.
The weighted Bergman space Am(D) is the analytic functional Hilbert space
with reproducing kernel Km(z, w) = (1− zw)
−m. The aim of the present note
is to extend the above result from [7] to the analytic functional Hilbert spaces
Hm(B) on the unit ball B ⊂ C
n given by the reproducing kernels Km(z, w) =
(1− 〈z, w〉)−m, where m ≥ 1 is an arbitrary positive integer. We show that an
1
operator T ∈ L(Hm(B)) is a Toeplitz operator with pluriharmonic symbol f
on B if and only if the operator T satisfies the algebaic identity
M ′∗z TM
′
z = PImM∗z
(
⊕
m−1∑
k=0
(−1)k
(
m
k + 1
)
σkMz(T )
)
PImM∗z .
Here M∗z is the adjoint of the row operator Mz : Hm(B)
n → Hm(B), (gi) 7→∑
1≤i≤n zigi, M
′
z is a suitably defined Cauchy dual of the multiplication tuple
Mz and the operator σMz ∈ L(Hm(B)) acts as σMz(T ) =
∑
1≤i≤nMziTM
∗
zi
.
For m ∈ {1, . . . , n − 1}, the multiplication tuple Mz is not subnormal and it
is not immediately obvious how to define Toeplitz operators with non-analytic
symbols in these cases (see e.g. [1, 12]). Using the fact that pluriharmonic
functions on B admit a decomposition f = g+h with analytic functions g, h ∈
O(B), we suggest a natural definition of Toeplitz operators with pluriharmonic
symbol on analytic functional Hilbert spaces over B.
Form = 1, the spaceH1(B) is the Drury-Arveson space on the unit ball and the
above algebraic identity characterizing Toeplitz operators with pluriharmonic
symbol simplifies on H1(B) to the identity
M∗z TMz = PImM∗z (⊕T )PImM∗z .
If in addition n = 1, then M∗z is onto and the identity reduces to the classical
Brown-Halmos condition. For m = n, the space Hn(B) is the Hardy space
Hn(B) = {f ∈ O(B), ‖f‖
2 = sup
0<r<1
∫
∂B
|f(rξ)|2dσ(ξ) <∞},
while for m ≥ n+ 1, the space Hm(B) is the weighted Bergman space
Hm(B) = {f ∈ O(B); ‖f‖
2 =
∫
B
|f |2dµm <∞},
of all analytic functions that are square integrable with respect to the measure
µm =
(m−1)!
(m−n−1)!πn
(1 − |z|2)m−n−1dz, where dz is the Lebesgue measure on Cn.
In these cases our definition of Toeplitz operators with pluriharmonic symbol
agrees with the usual definition and our characterization of Toeplitz operators
with pluriharmonic symbol extends the one-dimensional results of Louhichi
and Olofsson from [7].
§2 Results
Let Hm(B) be the functional Hilbert space with reproducing kernel
Km : B× B→ C, Km(z, w) =
1
(1− 〈z, w〉)m
=
∞∑
k=0
(
m+ k − 1
k
)
〈z, w〉k,
where m > 0 is a positive integer. Then
Hm(B) = {f =
∑
α∈Nn
fαz
α ∈ O(B); ‖f‖2 =
∑
α∈Nn
|fα|
2
ρm(α)
<∞}
2
with ρm(α) =
(m+|α|−1)!
α!(m−1)!
. The tuple
Mz = (Mz1 , . . . ,Mzn) ∈ L(Hm(B))
n
consisting of the multiplication operators Mzi : Hm(B) → Hm(B), f 7→ zif,
with the coordinate functions is well defined and its Koszul complex
K ·(Mz, Hm(B))
ǫλ−→ C −→ 0
augmented by the point evaluation ǫλ : Hm(B) → C, f 7→ f(λ), is exact. In
particular, the last map in the Koszul complex
Hm(B)
n Mz−→ Hm(B), (fi)
n
i=1 7→
n∑
i=1
zifi
has closed range MzHm(B)
n = {f ∈ Hm(B); f(0) = 0}. The above properties
of the functional Hilbert spaces Hm(B) are well known and follow for instance
from the results in Section 4 of [4].
In the following we write Mz : Hm(B)
n → Hm(B) for the row multiplication
defined as above, and we write M∗z : Hm(B) → Hm(B)
n, f 7→ (M∗zif)
n
i=1,
for its adjoint. Since the row operator Mz has closed range, the operator
M∗zMz : Im M
∗
z → ImM
∗
z is invertible. We use the notation (M
∗
zMz)
−1 for its
inverse. The space Hm(B) admits the orthogonal decomposition
Hm(B) =©⊥
∞
k=0 Hk
into the spaces Hk ⊂ C[z] consisting of all homogeneous polynomials of degree
k. For each function f =
∑
α∈Nn fαz
α ∈ Hm(B), its homogeneous expansion
f =
∞∑
k=0
fk with fk =
∑
|α|=k
fαz
α,
coincides with the decomposition of f as an element of the orthogonal direct
sum Hm(B) = ©⊥
∞
k=0 Hk. Let us denote by δ,∆ : Hm(B) → Hm(B) the
invertible diagonal operators acting as
δ(
∞∑
k=0
fk) = f0 +
∞∑
k=1
m+ k − 1
k
fk
and ∆ (
∑∞
k=0 fk) =
∑∞
k=0
m+k
k+1
fk. One can show that
M∗z δf = (M
∗
zMz)
−1(M∗z f)
for all f ∈ Hm(B) and that the row operator δMz : Hm(B)
n → Hm(B) defines
a continuous linear extension of the operator
Mz(M
∗
zMz)
−1 : ImM∗z → Hm(B).
(Lemma 1 in [3]). The diagonal operators δ and ∆ satisfy the intertwining
relation δMz = Mz(⊕∆) and ∆ admits the representation
∆ =
m−1∑
j=0
(−1)j
(
m
j + 1
)∑
|α|=j
γαM
α
z M
∗α
z =
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(1Hm(B))
3
(Lemma 3 in [3]). Here γα = |α|!/α! for α ∈ N
n and σMz ∈ L(Hm(B)) is
defined by
σMz(X) =
n∑
i=1
MziXM
∗
zi
.
In dimension n = 1, the operator
M ′z = δMz : Hm(B)
n → Hm(B)
is usually called the Cauchy dual of Mz (see e.g. [11]).
We begin by showing that the powers of Mz and M
∗
z satisfy a Brown-Halmos
type condition.
1 Lemma. For each multiindex γ ∈ Nn, the identity
M ′∗z (M
γ
z )M
′
z = PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(M
γ
z )
)
PImM∗z
holds.
Proof. Note that KerMz = (ImM
∗
z )
⊥. Hence we obtain
M ′∗z M
γ
zM
′
z = PImM∗z
(
M∗z δM
γ
z δMz
)
PImM∗z
= PImM∗z
(
(M∗zMz)
−1M∗zM
γ
zMz(⊕∆)
)
PImM∗z
= PImM∗z
(
(M∗zMz)
−1(M∗zMz)(⊕M
γ
z∆
)
PImM∗z
= PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(M
γ
z )
)
PImM∗z .
Here we have used the identity (M∗zMz)
−1(M∗zMz) = PImM∗z . 
By passing to adjoints we find that also the powers of M∗z satisfy the identity
M ′∗z (M
∗γ
z )M
′
z = PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(M
∗γ
z )
)
PImM∗z .
Let us denote by TBH ⊂ L(Hm(B)) the set of all bounded linear operators on
Hm(B) that satisfy the Brown-Halmos type condition
M ′∗z TM
′
z = PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(T )
)
PImM∗z .
Our aim is to show that TBH consists precisely of all Toeplitz operators with
pluriharmonic symbol. To show that every operator T in TBH is a Toeplitz
operator we decompose T into its homogeneous components.
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For this purpose, we denote by U : R → L(Hm(B)) the strongly continuous
unitary operator group acting as (U(t)f)(z) = f(eitz). Then Hm(B) admits
the orthogonal decomposition
Hm(B) =©⊥k∈Z Hk,
where the spacesHk are the images of the orthogonal projections Pk ∈ L(Hm(B))
defined by
Pk =
1
2π
∫ 2π
0
e−iktU(t)dt.
Here the integrand is regarded as a continuous function with values in the
locally convex space L(Hm(B)) equipped with the strong operator topology
and the integral is defined as a weak integral (see Theorem 3.27 in [10] and
Section 20.6(3) in [6]). All operator-valued integrals used in the following
should be understood in this sense.
An application of Cauchy’s integral theorem yields that Pk = 0 for k < 0. For
t ∈ R and k ∈ Z, the identity U(t)Pk = e
iktPk holds. The space Hk consists
precisely of all functions f ∈ Hm(B) with
f(eitz) = eiktf(z)
for all t ∈ R and all z ∈ B. Thus Hk = Hk for k ≥ 0. For a bounded
operator T ∈ L(Hm(B)) and k ∈ Z, we define its kth homogeneous component
Tk ∈ L(Hm(B)) by
Tk =
1
2π
2π∫
0
e−iktU(t)TU(t)∗dt.
Let k ∈ Z. The kth homogeneous component of the adjoint T ∗ of T is given
by (T ∗)k = (T−k)
∗. To check this identity it suffices to observe that
〈(T ∗)kf, g〉 =
1
2π
2π∫
0
〈e−iktU(t)T ∗U(t)∗f, g〉dt
=
1
2π
2π∫
0
〈f, eiktU(t)TU(t)∗g〉dt = 〈f, T−kg〉
for all f, g ∈ Hm(B). Since U(t)
∗|Hj = e
−ijt1Hj , we obtain that
Tkf =
1
2π
2π∫
0
e−i(k+j)tU(t)Tf dt = Pk+jTf ∈ Hj+k
for f ∈ Hj. Thus TkHj ⊂ Hj+k for all j ∈ Z. Any bounded operator on Hm(B)
with this property will be called homogeneous of degree k.
A standard argument using the Feje´r kernel KN(t) =
∑
|k|≤N(1 −
|k|
N+1
)eikt as
summability kernel (Lemma I.2.2 in [5]) shows that, for each f ∈ Hm(B),
Tf = lim
N→∞
1
2π
2π∫
0
KN(t)U(t)TU(t)
∗fdt = lim
N→∞
∑
|k|≤N
(1−
|k|
N + 1
)Tkf
5
2 Lemma. Let T ∈ TBH be given. Then Tk ∈ TBH for all k ∈ Z.
Proof. A straightforward calculation shows that
U(t)∗δMz = e
−itδMz(⊕U(t)
∗)
and hence M∗z δU(t) = e
it(⊕U(t))M∗z δ for t ∈ R. But then
M∗z δTkδMz =
1
2π
2π∫
0
e−ikt(⊕U(t))(M∗z δTδMz)(⊕U(t)
∗)dt
for k ∈ Z. Since U(t)Mzj = e
itMzjU(t) for t ∈ R and j = 1, . . . , n, the space
ImM∗z is reducing for ⊕U(t) and
U(t)Mαz TM
∗α
z U(t)
∗ =Mαz U(t)TU(t)
∗M∗αz (t ∈ R, α ∈ N
n).
Using the hypothesis that T ∈ TBH, we find that M
∗
z δTkδMz is given by
1
2π
2π∫
0
e−ikt(⊕U(t))PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(T )
)
PImM∗z )(⊕U(t)
∗)dt
= PImM∗z
( 1
2π
2π∫
0
e−ikt(⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz
(
U(t)TU(t)∗)
)
dt
)
PImM∗z
= PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(Tk)
)
PImM∗z .
Thus we have shown that Tk ∈ TBH for every k ∈ Z. 
All operators T ∈ TBH that are homogeneous of non-negative degree act as
mutliplication operators.
3 Theorem. Let T ∈ TBH be homogeneous of degree r ∈ N. Then T acts as
the multiplication operator
Tf = (T1)f (f ∈ Hm(B)).
Proof. Define q = T1 ∈ Hr. We write Mq : Hm(B)→ Hm(B), f 7→ qf , for the
operator of multiplication with q and show by induction on k that T =Mq on
Hk for all k ∈ N.
For k = 0, this is obvious. Suppose that the assertion has been proved for
j = 0, ..., k and fix a polynomial p ∈ Hk+1. By Lemma 1 in [3] we have
M∗z δTδMz(M
∗
z p) =M
∗
z δTMz(M
∗
zMz)
−1M∗z p =M
∗
z δTPImMzp
=M∗z δTp =
m+ k + r
k + r + 1
M∗z (Tp).
6
Here we ave used that p ∈ Hk+1 ⊆ C
⊥ = ImMz .
Using the induction hypothesis and Lemma 3 from [3], we find that
PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(T )
)
PImM∗z (M
∗
z p)
=PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)∑
|α|=j
γαM
α
z TM
∗α
z
)
(M∗z p)
=PImM∗z
(
⊕Mq
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(1Hm(B))
)
(M∗z p)
=PImM∗z
(
⊕Mq∆
)
(M∗z p) =
m+ k
k + 1
PImM∗z
(
⊕Mq
)
(M∗z p).
By hypothesis
m+ k + r
k + r + 1
M∗z Tp =
m+ k
k + 1
PImM∗z (⊕Mq)M
∗
z p.
By applying the operator Mz(M
∗
zMz)
−1 = δMz|ImM∗z to both sides of this
equation, and by using the identities
(M∗zMz)
−1(M∗zMz) = PImM∗z , Mz(M
∗
zMz)
−1M∗z = PImMz ,
we find that
m+ k + r
k + r + 1
Tp =Mz(M
∗
zMz)
−1(
m+ k + r
k + r + 1
M∗z Tp)
=Mz(M
∗
zMz)
−1(
m+ k
k + 1
PImM∗z (⊕Mq)M
∗
z p)
=
m+ k
k + 1
δMz(M
∗
zMz)
−1(M∗zMz)(⊕Mq)M
∗
z p
=
m+ k
k + 1
δMz(⊕Mq)M
∗
z p
=
m+ k
k + 1
m+ k + r
k + r + 1
MqMzM
∗
z p.
Since MzM
∗
z =
∑∞
j=1
j
m+j−1
PHj (Proposition 4.3 in [4]), we conclude that
Tp =
m+ k
k + 1
Mq
k + 1
m+ k
p = Mqp.
This observation completes the induction and hence the whole proof. 
In general it is not obviuos how to define Toeplitz operators with non-analytic
symbols on the full range of all analytic Besov-Sobolev spaces Hm(B) (m ≥ 1).
However, for the case of pluriharmonic symbols, this problem can easily be
overcome. To begin with, let us fix a function f ∈ Hm(B). Then the set
Df = {u ∈ Hm(B); fu ∈ Hm(B)} ⊂ Hm(B) is a dense linear subspace which
contains C[z], and
Tf : Df → Hm(B), u 7→ fu
7
is a densely defined closed linear operator. For g ∈ Hm(B), let us denote by
gα = g
α(0)/α! its Taylor coefficients at z = 0. Then for α ∈ Nn and u ∈ Df ,
〈fu, zα〉Hm(B) =
(fu)α
ρm(α)
=
∑
0≤β≤α
fβuα−β
ρm(α)
= 〈u,
∑
0≤β≤α
ρm(α− β)
ρm(α)
fβz
α−β〉Hm(B).
Therefore the polynomials are contained in the domain of the adjoint T ∗f of Tf
and
T ∗f z
α =
∑
0≤β≤α
ρm(α− β)
ρm(α)
fβz
α−β
for α ∈ Nn. In particular, for any fixed polynomial p ∈ C[z], the mapping
Hm(B)→ Hm(B), f 7→ T
∗
f p
is conjugate linear and continuous.
We call a bounded linear operator T ∈ L(Hm(B)) a Toeplitz operator with
pluriharmonic symbol f if there are functions g, h ∈ Hm(B) with f = g + h
and
Tp = Tgp+ T
∗
hp for all p ∈ C[z].
An elementary argument shows that, although the representation f = g + h
is only unique up to an additive constant, the right-hand side of the above
equation is independent of the choice of g and h. Furthermore, the function
f = g + h is uniqely determined by T . Indeed, if g, h ∈ Hm(B) satisfy the
above relation with T = 0, then
g + h(0) = (Tg + T
∗
h )(1) = 0.
But then T ∗hz
α = −Tgz
α = h(0)zα for all α ∈ Nn. Hence hβ = 0 for all
β ∈ Nn \ {0} and g + h = 0. In the following we use the notation Tf for the
Toeplitz operator on Hm(B) with pluriharmonic symbol f .
4 Theorem. Let T ∈ TBH be given. Define
g = (T − T0)(1) and h = T
∗(1).
Then T = Tf is a Toeplitz operator with pluriharmonic symbol f = g + h.
Proof. For k ∈ Z, let as before
Tk =
1
2π
2π∫
0
e−iktU(t)TU(t)∗dt
denote the kth homogeneous component of T . Define g, h ∈ Hm(B) and the
pluriharmonic function f as in the statement of the theorem. Our aim is to
show that T = Tf . Set
qk = Tk1 for k ≥ 0, qk = (Tk)∗1 for k < 0.
8
Then
T1 = lim
N→∞
∑
|k|≤N
(1−
|k|
N + 1
)Tk1 = lim
N→∞
N∑
k=0
(1−
k
N + 1
)qk
and
T ∗1 = lim
N→∞
N∑
k=0
(1−
k
N + 1
)(T ∗)k1 = lim
N→∞
0∑
k=−N
(1−
|k|
N + 1
)(Tk)
∗1
= lim
N→∞
0∑
k=−N
(1−
|k|
N + 1
)qk,
where all sequences converge in Hm(B). Since T, T
∗ ∈ TBH, it follows from
Lemma 2 and Theorem 3 that Tk = TTk(1) = Tqk for k ≥ 0 and that
(T ∗)−k = T(T ∗)
−k(1) = T(Tk)∗1 = Tqk
for k < 0. Let p ∈ C[z] be a polynomial. Because of Tk = (T
∗)∗−k we find that
Tp = lim
N→∞
∑
|k|≤N
(1−
|k|
N + 1
)Tkp
= lim
N→∞
[
N∑
k=0
(1−
k
N + 1
)qkp − T0(1)p +
0∑
k=−N
(1−
|k|
N + 1
)T ∗qkp]
= Tgp+ lim
N→∞
0∑
k=−N
(1−
|k|
N + 1
)T ∗qkp.
Since the mapping Hm(B)→ Hm(B), u 7→ T
∗
up, is conjugate linear and contin-
uous, we conclude that
Tp = Tgp+ T
∗
hp.
Thus we have shown that T = Tf with f = g + h. 
To prove that conversely each Toeplitz operator with pluriharmonic symbol
satisfies the Brown-Halmos condition, we use Lemma 1 and an approximation
argument.
5 Theorem. Let T = Tf ∈ L(Hm(B)) be a Toeplitz operator with plurihar-
monic symbol f = g + h, where g, h ∈ Hm(B). Then T ∈ TBH.
Proof. Let f = g + h with g, h ∈ Hm(B). Let us denote by g =
∑∞
k=0 gk
and h =
∑∞
k=0 hk the homogeneous expansions of g and h. Again using the
continuity of the maps
Hm(B)→ Hm(B), f 7→ T
∗
f p (p ∈ C[z])
and the fact that δMzC[z]
n ⊂ C[z], we obtain as an application of Lemma 1
that
M ′∗z TfM
′
z(pi) =
∞∑
k=0
M∗z δTgkδMz(pi) +
∞∑
k=0
M∗z δT
∗
hk
δMz(pi)
9
=
∞∑
k=0
PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(Tgk)
)
PImM∗z (pi)
+
∞∑
k=0
PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(T
∗
hk
)
)
PImM∗z (pi)
for each tuple (pi) ∈ C[z]
n. Using Lemma 1 in [3] we find that
(⊕M∗αz )PImM∗z = (⊕M
∗α
z )(M
∗
zMz)
−1(M∗zMz) = (⊕M
∗α
z )M
∗
z δMz.
This identity shows that the operator (⊕M∗αz )PImM∗z maps C[z]
n into itself.
Thus by reversing the above arguments we obtain that
M ′∗z TfM
′
z(pi) = PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(Tg)
)
PImM∗z (pi)
+PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(T
∗
h )
)
PImM∗z (pi)
= PImM∗z
(
⊕
m−1∑
j=0
(−1)j
(
m
j + 1
)
σjMz(Tf)
)
PImM∗z (pi)
for each tuple (pi) ∈ C[z]
n. Since the polynomials are dense in Hm(B), the
proof is complete. 
We finish by indicating that our definition of Toeplitz operators with pluri-
harmonic symbol coincides with the usual one on the Hardy space and the
weighted Bergman spaces. Let m ≥ n be an integer and let f : B → C be
a bounded pluriharmonic function. Then there are functions g, h ∈ Hm(B)
with f = g + h (see for instance Proposition 6.1 in[13]). Suppose first that
m ≥ n + 1. Let Tf = PHm(B)Mf |Hm(B), where PHm(B) denotes the orthogonal
projection of L2(B, µm) onto Hm(B) and Mf is the operator of multiplication
with f on L2(B, µm) (cf. Section 1). Then
〈Tfp, q〉 = 〈fp, q〉 = 〈gp, q〉+ 〈p, hq〉 = 〈Tgp+ T
∗
hp, q〉
for all polynomials p, q ∈ C[z]. Next let us consider the case m = n. The
boundary map
h∞(B)→ L∞(S), ϕ 7→ ϕ∗
defines an isometric isomorphism between the Banach space of all bounded
M-harmonic functions on B equipped with the supremum norm and L∞(S)
formed with respect to the normalized surface measure on S = ∂B. The inverse
of this map is given by the Poisson transform (see Chapter 5 in [9])
L∞(S)→ h∞(B), ϕ 7→ P [ϕ].
For ϕ ∈ h∞(B), the Toeplitz operator Tϕ : H
2(B)→ H2(B) is defined by
Tϕ(u) = C[ϕ
∗u∗],
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where the right-hand side denotes the Cauchy integral of ϕ∗u∗ ∈ L2(S). For
f, g, h as above and any pair of polynomials p, q ∈ C[z], we obtain
〈Tfp, q〉H2(B) = 〈C[(gp)
∗], q〉H2(B) + 〈C[(hp)
∗], q〉H2(B).
By Theorem 5.6.8 in [9], we have
〈C[(gp)∗], q〉H2(B) = 〈gp, q〉H2(B)
and as an application of Theorem 5.6.9 in [9] we obtain
〈C[(hp)∗], q〉H2(B) = 〈C[(hp)
∗, q∗〉L2(S)
= 〈PH2(S)(hp)
∗, q∗〉L2(S) = 〈(hp)
∗, q∗〉L2(S)
= 〈p∗, (hq)∗〉L2(S) = 〈p, hq〉H2(B).
Thus for m ≥ n, it follows that
〈Tfp, q〉 = 〈Tgp+ T
∗
hp, q〉
for all polynomials p, q ∈ C[z]. Hence Tf = Tf on Hm(B) for m ≥ n. In
the particular case n = 1 = m each Toeplitz operator Tf ∈ L(H
2(T)) with
L∞- symbol f ∈ L∞(S) coincides up to unitary equivalence with a Toeplitz
operator with harmonic symbol on D, more precisely, Tf ∼= TP [f ]. Thus the
results contained in Theorem 4 and Theorem 5 reduce to the classical Brown-
Halmos characterization [2] of Toeplitz operators on the Hardy space of the
unit disc in this case.
References
[1] D. Alpay, H. T. Kaptanoglu, Toeplitz operators on Arveson and Dirichlet
spaces, Integr. Equ. Oper. Theory 58 (2007) 1-33.
[2] A. Brown, P. R. Halmos, Algebraic properties of Toeplitz operators, J.
reine angew. Math. 213 (1963/64), 89-102.
[3] J. Eschmeier, Bergman inner functions and m-hypercontractions, J.
Funct. Anal., to appear.
[4] K. Guo, J. Hu, X. Xu, Toeplitz algebras, subnormal tuples and rigidity on
reproducing C[z1, . . . , zd]-modules, J. Funct. Anal. 210 (2004), 214-247.
[5] I. Katznelson, An introduction to harmonic analysis, Cambridge Univer-
sity Press, Cambridge, 2004.
[6] G. Ko¨the, Topological vector spaces, Springer, Heidelberg, 1969.
[7] I. Louhichi, A. Olofsson, Characterization of Bergman space Toeplitz op-
erators with harmonic symbols, J. reine angew. Math. 617 (2008), 1-26.
11
[8] A. Olofsson, A. Wennman, Operator identities for standard weighted
Bergman shift and Toeplitz operators, J. Operator Theory 70 (2013), 451-
475.
[9] W. Rudin, Function theory in the unit ball of Cn, Springer, New York,
1980.
[10] W. Rudin, Functional analysis, Second Edition, McGraw-Hill, New York,
1991.
[11] S. Shimorin, Wold-type decompositions and wandering subspaces close to
isometries, J. reine angew. Math. 531 (2001), 147-189.
[12] E. Tchoundja, Toeplitz operators with BMO symbols on holomorphic
Besov spaces , Complex Anal. Oper. Theory (2014), 955-974.
[13] D. Zheng, Commuting Toeplitz operators with pluriharmonic symbol,
Trans. Amer. Math. Soc. 350 (1998), 1595-1618.
J. Eschmeier
Fachrichtung Mathematik
Universita¨t des Saarlandes
Postfach 151150
D-66041 Saarbru¨cken
Germany
S. Langendo¨rfer
Fachrichtung Mathematik
Universita¨t des Saarlandes
Postfach 151150
D-66041 Saarbru¨cken
Germany
eschmei@math.uni-sb.de, langendoerfer@math.uni-sb.de
12
